Abstract. The aim of this short paper is to prove a TQ-Whitehead theorem for nilpotent structured ring spectra. We work in the framework of symmetric spectra and algebras over operads in modules over a commutative ring spectrum. Our main result can be thought of as a TQ-homology analog for structured ring spectra of Dror's generalized Whitehead theorem for topological spaces; here TQ-homology is short for topological Quillen homology. We also prove retract theorems for the TQ-completion and homotopy completion of nilpotent structured ring spectra.
Introduction
In this paper we work with algebraic structures in symmetric spectra, or Rmodules, that can be described as algebras over an operad O which is reduced, meaning that O[0] = * , the trivial R-module; such O-algebras are non-unital. Here, we assume that R is any commutative monoid object in the category (Sp Σ , ⊗ S , S) of symmetric spectra [18, 29] ; in other words, R is a commutative ring spectrum, and we denote by (Mod R , ∧, R) the closed symmetric monoidal category of R-modules.
Topological Quillen homology, or TQ-homology, is the analog for O-algebras of the ordinary integral homology of spaces. There is an extensive literature, but it is useful to start with [13, 23, 27] , followed by [11, 12, 16, 28] along with [2, 3, 4, 21] , among others. A study of the homotopy completion tower, which is weakly equivalent to the Goodwillie Taylor tower [14, 20] of the identity functor on O-algebras (see, for instance, [17, 19, 22, 25] ), is carried out in [17] , where the TQcompletion construction is introduced as the analog for O-algebras of the BousfieldKan [5] integral completion of spaces; a study of TQ-completion is carried out in [6, 7] for connected O-algebras. The homotopy completion tower is exploited in [17] to establish a TQ-Serre Finiteness Theorem; also proved, using similar tools, are a TQHurewicz theorem and a TQ-Whitehead theorem, which generalize earlier results in this direction to O-algebras. These are analogs of the Serre Finiteness, Hurewicz, and Whitehead theorems that are well-known for spaces; each of these theorems for TQ-homology starts with the assumption that the O-algebra is connected.
In this paper we explore the possibility of removing the connectivity assumption from an O-algebra, in the case of the TQ-Whitehead theorem, by replacing "connected O-algebra" with "nilpotent O-algebra"; this is motivated by Dror's generalized Whitehead theorem for spaces [8] which replaced "simply connected space" with "nilpotent space" in the original Whitehead theorem for spaces.
Our approach, which is somewhat indirect and was motivated by the work in [1] , is to play off the homotopy completion and TQ-completion constructions against each other: more precisely, we resolve the cosimplicial TQ-resolution of an O-algebra X, whose homotopy limit is the TQ-completion of X, term-by-term via the homotopy completion tower, but with respect to the operad τ N O characterizing (N + 1)-nilpotent O-algebras. We use this to establish a nilpotent TQ-completion retraction result (Theorem 2.10), and as a consequence, we establish the following nilpotent TQ-Whitehead theorem. To keep this paper appropriately concise, we freely use notation from [17] .
Recall from [17] that associated to the operad O is the tower of operads
In other words, τ n O is the operad built from O by truncating O above level n, where * denotes the trivial R-module. If X is an O-algebra, then the tower (1) of operads induces the completion tower [17,
of O-algebras whose limit is the completion X ∧ of X. To make this construction homotopy meaningful, one can derive everything in sight by constructing the homtopy completion tower [17, 3.13] 
of O-algebras whose homotopy limit is the homotopy completion X h∧ of X.
Remark 2.2. For instance, if O is the operad whose algebras are the non-unital commutative algebra spectra (i.e., where
then the tower (2) is isomorphic to the usual X-adic completion of X tower of the form
where X/X n denotes the O-algebra with underlying R-module defined by the pushout diagram (n ≥ 2)
here, m n denotes the usual multiplication map.
where * denotes the trivial R-module; in other words, if all the (N + 1)-ary operations of X and higher are trivial. Proof. This follows immediately from Definition 2.3. [17] .
If N ≥ 1, repeated application of the functorial factorization construction in [17, 5.48] shows that the upper horizontal finite tower in (4) may be factored as
, ,
where the maps ( * ) are cofibrations of operads, the maps (#) are weak equivalences of operads, and J n is reduced for each 1 ≤ n ≤ N .
The following is proved in [17, 5.49(b) ].
Proposition 2.6. Let 1 ≤ n < N . If X ∈ Alg JN is cofibrant, then X is also cofibrant in Alg O . Similarly, if X ∈ Alg Jn is cofibrant, then X is also cofibrant in Alg Jn+1 .
If X is an (N + 1)-nilpotent O-algebra, then its O-algebra structure is induced from its underlying τ N O-algebra structure via the composite map
Hence we may start with any (N + 1)-nilpotent O-algebra X, and consider the functorial cofibrant replacement
of X in Alg JN , which is also a cofibrant replacement of X in Alg O ; we are using the positive flat stable model structure (see, for instance, [15, 17] . Definition 2.7. If X is an (N + 1)-nilpotent O-algebra, then its TQ-homology (resp. TQ| NilN+1 -homology) is the O-algebra
Here, "TQ-homology" is an abbreviation for "topological Quillen homology".
Remark 2.8. In other words, TQ| Nil N +1 (X) is the topological Quillen homology of X (i.e., the derived indecomposable quotient of X) with respect to τ N O-algebras, while TQ(X) is the the derived indecomposable quotient of X with respect to O-algebras; it may be helpful to note that τ 1 τ N O = τ 1 O. The indicated weak equivalences are consequences of [17, 4.10] .
This construction comes with a TQ-Hurewicz map of the form X → TQ(X), given by the mapX → J 1 • O (X) in Alg O , and iterating this Hurewicz map leads to a cosimplicial resolution of X with respect to TQ-homology of the form
(see Remark 2.9) given by the map of cosimplicial O-algebras
whereX is regarded as a constant cosimplicial diagram. Recall [6, 17] that applying holim ∆ (−) to the map of cosimplicial O-algebras in (6) gives the TQ-completion map of the form X → X ∧ TQ . Remark 2.9. Throughout this paper we have suppressed the codegeneracy maps from the diagrams, for ease of notational purposes.
Similarly, there is a TQ| Nil N +1 -Hurewicz map of the form X → TQ| Nil N +1 (X), given by the mapX → J 1 • JN (X) in Alg O , and iterating this Hurewicz map leads to a cosimplicial resolution of X with respect to TQ| Nil N +1 -homology of the form
given by the map of cosimplicial J N -algebras (and by restriction along O → J N , also a map of cosimplicial O-algebras)
whereX is regarded as a constant cosimplicial diagram, and applying holim ∆ (−) to the map of cosimplicial O-algebras gives the TQ| Nil N +1 -completion map of the form X → X ∧ TQ| Nil N +1 . The map of operads O → J N induces a commutative diagram of the form 
in Alg O with natural map ( * ) a weak equivalence. In particular, the TQ-completion map X → X ∧ TQ fits into the right-hand retract diagram in the homotopy category Ho(Alg O ), natural in X. Here we are assuming that O satisfies Basic Assumption 2.1.
The purpose of the rest of this section is to prove Theorems 2.10 and 1.1. Let's verify that the comparison map ( * ) is a weak equivalence. Our approach is to resolve the coaugmented cosimplicial diagram (7) of J N -algebras term-by-term with the finite tower {J n • JN (−)} n , where 1 ≤ n ≤ N ; we are motivated by the work in [1] . This leads to the commutative diagram in Alg O of the form diagram has extra codegeneracy maps s −1 ([10, 6.2]) induced by the map J N → J 1 , by cofinality [9, 3.16] it follows that holim ∆ (#) 1 is a weak equivalence. To make further progress, we must identify the homotopy fibers of these towers.
Proposition 2.11. Let Z be a cofibrant J N -algebra. There is a zigzag of weak equivalences of towers of the form
natural with respect to all such Z; here, 1 ≤ n ≤ N .
Proof. There is a zigzag of weak equivalences of the form
natural in all such Z; we are freely using the "Bar" notation from [17, 4.10] .
Proposition 2.12. Let Z be a cofibrant J N -algebra. For each 2 ≤ n ≤ N , there is a homotopy fiber sequence of the form
Proof. By Proposition 2.12, together with [17, 4.21] , there is a homotopy fiber sequence of the form 
Proof of Theorem 2.10. Consider the commutative diagram of the form
in Alg J1 which has extra codegeneracy maps s −1 ([10, 6.2]) in Alg J1 induced by the map J N → J 1 . It follows from cofinality [9, 3.16 ] that holim ∆ (#) 1 and holim ∆ ( * ) n are weak equivalences for each 2 ≤ n ≤ N . Since homotopy limits commute, up to weak equivalence, we have a commutative diagram of the form
in Alg O , with vertical columns homotopy fiber sequences. Consider diagram (10) in the case n = 2; then since the top and bottom horizontal maps are weak equivalences, it follows that the middle horizontal map holim ∆ (#) 2 is a weak equivalence. Hence, by induction up the tower, it follows that holim ∆ (#) n is a weak equivalence for each 1 ≤ n ≤ N . In particular, holim ∆ (#) = holim ∆ (#) N is a weak equivalence, but this is precisely the map
in diagram (8) , which completes the proof.
Proof of Theorem 1.1. The "only if" direction is trivial since TQ-homology preserves weak equivalences by construction. Conversely, suppose f induces a weak equivalence TQ(X) ≃ TQ(Y ) on TQ-homology. Consider the commutative diagram of the form (by Theorem 2.10)
Since TQ(X) → TQ(Y ) is a weak equivalence, it follows that (#) is a weak equivalence, and hence f is a weak equivalence; this is because diagram (11) is a retract diagram by (8) after passing to the homotopy category Ho(Alg O ).
The purpose of the rest of this section is to point out, for completeness, that a similar retract property is also true with TQ-completion replaced by homotopy completion. Proof. This is because the left-hand map is induced by τ n O → τ n J N and the righthand map is induced by O → J N .
